TWO-SCALE CONVERGENCE FOR LOCALLY-PERIODIC 
MICRO STRUCTURES AND HOMOGENIZATION OF PLYWOOD 

STRUCTURES. 
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O ' Abstract. The introduced notion of locally-periodic two-scale convergence allows to average 

a wider range of microstructures, compared to the periodic one. The compactness theorem 
for the locally-periodic two-scale convergence and the characterisation of the limit for a se- 
quence bounded in H^{Q) are proven. The underlying analysis comprises the approximation 
of functions, which periodicity with respect to the fast variable depends on the slow variable, 
by locally-periodic functions, periodic in subdomains smaller than the considered domain, but 
I larger than the size of microscopic structures. The developed theory is applied to derive macro- 

, scopic equations for a linear elasticity problem defined in domains with plywood structures. 
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1. Introduction 

Many natural and man made composite materials comprise non-periodic microscopic struc- 
tures, for example fibrous microstructure with varied orientation of fibres in heart muscles, [28], in 
exoskeletons, |15| . in polymer membranes and industrial filters, [31], or space-dependent perfora- 
. tions in concrete, [30] . An interesting and important special case of non-periodic microstructures 

Tij" ' is the so called locally-periodic microstructures, where spatial changes of the microstructure are 

CO , observed on a scale smaller than the size of the considered domain but larger than the character- 

istic size of the microstructure. The distribution of microstructures in locally-periodic materials 
. is known a priori, in contrast to the stochastic description of the medium considered in stochastic 

' homogenization, [8J. 

There are few mathematical results on homogenization in locally-periodic and fibrous media. 
The homogenization of a heat-conductivity problem defined in locally-periodic and non-periodic 
domains consisting of spherical balls was studied in [11' using the Murat-Tartar iJ— convergence 
method, defined in [24 . The locally-periodic and non-periodic distribution of balls is given by a 
^ . C'^— diffeomorphism 0, transforming the centres of the balls. For the derivation of macroscopic 

equations for the problem posed in the non-periodic domain, where the changes of the microstruc- 
ture are given on the scale of the considered microstructure, a locally-periodic approximation was 
considered. Estimates for the numerical approximation of this problem were derived in |32| . The 
notion of — 2 convergence, motivated by the homogenization in a domain with a microstruc- 
ture of non-periodically distributed spherical balls, was introduced in [1]. The Young measure 
was used in [201 to extend the concept of periodic two-scale convergence, presented in [2j, and 
to define the so-called scale convergence. The definition of scale convergence was mainly moti- 
vated by the derivation of the F-limit for a sequence of nonlinear energy functionals involving 
non-periodic oscillations. It has been shown that the two-scale and multi-scale convergences are 
particular cases of the scale convergence. In [20J, as an example of non-periodic oscillations, the 
domain with perforations given by the transformation of centre of balls was considered. Macro- 
scopic models for non-periodic fibrous materials were presented in [10 and derived in [9]. The 
non-periodic fibrous material is characterised by gradually rotated planes of parallel aligned fibres. 
By applying the convergence method for a locally periodic approximation of the non-periodic 
microstructure the effective homogenized matrix was derived. The asymptotic expansion method 
was used in [6| to derive macroscopic equations for a filtration problem through a locally-periodic 
fibrous medium. A formal asymptotic expansion was also applied to derive a macroscopic model 
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for a Poisson equation, [71 [T^, and for convection-diffusion equations, [231 [27] . defined in do- 
mains with locally-periodic perforations, i.e. domains consisting of periodic cells with smoothly 
changing perforations. Two-scale convergence, defined for periodic test functions, was applied in 
p^[2T] to homogenize warping, torsion and Neumann problems in a two-dimensional domain with 
a smoothly changing perforation. Optimization of the corresponding homogenized problems was 
considered in [131 129). Locally-periodic perforation is related to the locally-periodic microstruc- 
ture, considered in this work, so that the changes in the perforation are given on the e-level and 
can be approximated by the locally-periodic microstructure, which is periodic in each subdomain 
of size ^ e'^'', where < r < 1, e is the size of the periodic cell, and d is the dimension of considered 
domain. 

Two-scale convergence is a special type of the convergence in L^-spaces. It was introduced by 
Nguetseng, [55], further developed in (21 [IB] and is widely used for the homogenization of partial 
differential equations with periodically oscillating coefficients or problems posed in media with 
periodic microstructures or with locally-periodic perforations (named also as quasi-periodic per- 
forations) . Admissible test functions used in the definition of two-scale convergence, are functions 
dependent on two variables: the fast microscopic and slow macroscopic variable, and periodic 
with respect to the fast variable. The two-scale convergence conserves the information regarding 
oscillations of the considered function sequence and overcomes difficulties resulting from weak 
convergence of fast oscillating periodic functions. 

In this article we generalise the notion of the two-scale convergence to locally-periodic situa- 
tions, see Definition [1] The considered test functions are locally-periodic approximations of the 
corresponding functions with the space-dependent periodicity with respect to the fast variable 
being dependent on the slow variable. This generalised notion of the two-scale convergence pro- 
vides easier and more general techniques for homogenization of partial differential equations with 
locally-periodic coefficients or considered in domains with locally-periodic microstructures. The 
central result of the work is the compactness Theorem |2l for the locally periodic two-scale conver- 
gence and the characterisation of the locally-periodic two-scale limit for a sequence bounded in 
H^{fl), Theorem m The proofs indicates that local periodicity of the considered microstructure 
is essential for the convergence of spatial derivatives. Due to the definition of a locally-periodic 
domain we have that the size of the subdomains with periodic microstructure is of order e'^'", where 
< r < I and e is the size of the microstructure. Thus, the gradient of the smooth approxima- 
tions of characteristic functions of subdomains with periodic microstructures multiplied by e is of 
order £^~^, with r < p < 1, and converges to zero as e ^> 0. This fact allows us to approximate 
the locally-periodic test function by differentiable functions and show the convergence of spatial 
derivatives. 

In Section|4]we apply the locally-periodic two-scale convergence to derive macroscopic mechani- 
cal properties of biocomposites, comprising non-periodic microstructures. As an example of such a 
microstructure we consider the plywood structure of the exoskeleton of a lobster, [I5J. Mechanical 
properties of the biomaterial are modelled by equations of linear elasticity, where the microscopic 
geometry and elastic properties of different components are reflected in the stiffness matrix of the 
microscopic equations. The fully non-periodic microstructure is approximated by a locally-periodic 
domain, provided the transformation matrix, describing the microstructure, is twice continuously 
differentiable. Our calculations for the fully non-periodic situation were inspired by [lOj. Note 
that the techniques developed in this article can be applied to derive macroscopic equations for a 
wide class of partial differential equations, and are not restricted to the problem of linear elastic- 
ity. The introduced convergence is also applicable to more general non-periodic transformations 
as transformation of centres of spherical balls. 

2. Description of plywood structure 

A major challenge in material science is the design of stable but light materials. Many bioma- 
terials feature excellent mechanical properties, such as strength or stiffness, regarding their low 
density. For example, the strength of bone is similar to that of steel, but it is three times lighter 
and ten times more flexible, Recent research suggests that this phenomenon is primarily a 
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Figure 2.1. Locally-periodic plywood structure. 



consequence of the hierarchical structure of biomaterials over several length scales, [26]. A better 
understanding of the influence of microstructure on mechanical properties of biomaterials is not 
only a theoretical challenge by itself but may also help to improve the design and production of 
synthetic materials 

Here we consider the exoskeleton of a lobster as an example of such biomaterials. The ex- 
oskeleton is a hierarchical composite consisting of chitin-protein fibres, various proteins, mineral 
nanoparticles and water. A prototypical pattern found in the exoskeleton is the so-called twisted 
plywood structure, given as the superposition of planes of parallel aligned chitin-protein fibres, 
gradually rotated with rotation angle 7, |15| . 

We would like to study elastic properties of a exoskeleton. In the formulation of the microscopic 
model defined on the scale of a single fibre, we shall distinguish between mechanical properties of 
fibres and inter-fibrous space. We assume that the fibres are cylinders of radius ea, perpendicular 
to the xa-axis, whereas < a < 1/2 and e > 0. It has been observed that different parts of 
the exoskeleton comprise different rotation densities, |15j . Thus, we shall distinguish between the 
locally-periodic plywood structure, where the hight of layers of fibres aligned in the same direction 
is of order e"^ with < r < 1, and the non-periodic microstructure, where each layer of fibres is 
rotated by a different angle, i.e. r = 1, see Fig. 12. II and Fig. 14.11 in Section U) In the derivation of 
effective macroscopic equations the non-periodic situation shall be approximated by the locally- 
periodic microstructure. The case r = would imply the periodic microstructure and will not be 
considered here. 

In order to define the characteristic function of the domain occupied by fibres for locally-periodic 
plywood structure we divide into perpendicular to the xa-axis layers L| = x {{k — 1)£'", ke^) 
of height £'', where k ^"L and < r < 1, and in each L| choose an arbitrary point a;| & L\. In 
M X y, with Y = [0, 1]^, we consider the characteristic function 77 of a cylinder of radius a 



where y — (1/2, 2/3), and extended F-periodically to the whole of R^^. 

For a Lipschitz bounded domain f2 we define 17^^ C 11 as the subdomain occupied by fibres. 
Then the characteristic function of is given by 



(2.1) 




(2.2) 
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with ri^{x) — rj{x/£) and Rj.^^ — Riji^l ^)), where 7 G C^(R) is a given function, < 7(2;) < vr 
for a; £ R, and R{a) is the inverse of the rotation matrix around the xs-axis with rotation angle 
a with the a; 1 -axis 

(cos(a) sin(a) 
— sin(a) cos(a) 
1 

The assumed regularity of 7 will be essential for the homogenization analysis in Section |4l By XA 
we denote the characteristic function of a domain A. 

In the context of the theory of linear elasticity, which is widely used in the continuous mechanics 
of solid materials, [T7], we describe the elastic properties of a material with the plywood structure 



(2.3) 



-div(i;^(x)e(M^)) = G inrj, 
^ q on dil. 



where eij{u^) — ^ + a-nd the elasticity tensor E'^ is given by 
(2.4) E'{x)=E^xmx)+E2{l~xn^,{x)). 

Here Ei is the stiffness tensor of the chitin-protein fibres and E2 is the stiffness tensor of the 
inter-fibre space. The boundary condition and the right hand side describe the external forces 
applied to the material. 

The considered microstructure is locally-periodic, i.e. it is periodic in each layer L|, where the 
height of the layer is larger as the radius of a single fibre, but is small compared to the size of 
the considered domain £7, provide e is sufficiently small. 

To allow more general locally-periodic oscillations and microstructures, we shall consider the 
partition of into cubes of side in the definition of the locally-periodic two-scale convergence. 
In the locally-periodic plywood-structure the rotation angle is constant in each layer L| and 
the characteristic function of fi^ can also be defined considering the additional division of L\ into 
cubes of side . Thus, the introduced below locally-periodic two-scale convergence is applicable to 
fibrous media. Although the division of Q, into layers L|. is sufficient to define the microstructure of 
the locally periodic plywood-structure, for the homogenization of a non-periodic plywood-structure 
the partition covering of VI by cubes will be essential, see Section |4l 



3. Two-scale convergence for locally-periodic microstructures 

First we introduce the space-dependent periodicity and the corresponding function spaces. 
Let £7 C K*^ be a bounded Lipschitz domain. For each x g we consider a transformation 
matrix D{x) e M''^'* and its inverse D~^{x), such that D,D-^ e Lip(]R''; M''^'') and < Di < 
det_D(a;)| < < 00 for all x e 17. For convenience, we shall use the notations Dx := D{x) and 
D^^ :— D^^{x). By Y = [0,1]'' we denote the so-called 'unit cell' and consider the continuous 
family of parallelepipeds = D^Y on Vl. 

We shall consider the space C{Vt\ CpcriXx)) given in a standard way, i.e. for any ifj G C(ri; Cper(i^)) 
the relation -0(x, y) — ?A(x, D^^y) with x 6 17 and y G Y^ yields ip G C(i7; Cpei{Yx)). In the same 
way the spaces 7.^(17; Cper(K,)), LP {fl; Ll^^{Yx)) and C(f7; L«,,(i;)), for 1 < p < 00, 1 < g < 00, 
are given. 

The separability of Cpci{Yx) for each x G 17 and the Weierstrass approximation for contin- 
uous functions m G (17 — > Cpcr{Yx)) imply the separability of C{^l;Cpci{Yx)). For the norm 
llV'llc(r2-c {Y )) ^^P IV'(2;,2/)| we have the relations 

IIV'llc(n;Cp„,(yj) = sup sup \i){x,Dx^y)\ = sup sup \i^{x,y)\. 

For p < 00, the separability of Cpci-{Yj;) for x G 17 and the approximation of L^- functions 
M G (17 — >■ Cpcr{Yx)) by simple functions imply the separability of LP{n;Cpcr(Yx)). The norm is 
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defined in the standard way 

IIV'llLp(n;Cper(n)) — / sup \ij(x,y)\Pdx. 
Jn yeY^ 

The space L^{il; L'^{Yx)) is a Hilbert space with a scalar product given by 

ip{x,y)(t){x,y)dydx = / / '4!{x,y)(j){x,y)\detDx\dydx 
inJy^ JnJY 

for i},4> £ L'^ {Q; (Yx)) with tp{x,y) — ^{x,D^^y), (j){x,y) = (f>{x,D^^y) for a. a x e fl and 
yeYx, and V^, 4> e L^fl; L^iY)). 

Due to the assumptions on D, i.e. D G Lip(r2) and | det D{x)\ is uniformly bounded from below 
and above in Q, we obtain that 

L\n:H\Yx)) = {ueL^n;L''{Yx)),VyueL\n:L''{Yxf)} and 
L'^{Q; L'^{dYx)) = |u : Uxen{{x} x dY^) M measurable, / \\u\\l2(^gY^)dx < ooj 

are well-defined, separable Hilbert spaces, fl41 [55] , 

To introduce the notion of locally-periodic two-scale convergence for a sequence {u'^}e>o in 
L^{il) we consider the covering of by cubes. For e > 0, similarly as in [llj, we consider the 
partition covering of by a family of open non-intersecting cubes {^n}i<n<N^ of side e^, with 
< r < 1, such that 

n c u^L-Jll and n;^nn^ 0, 

where is the number of having a non-empty intersection with 51. We consider 
where by Ng^ we denote the number of all cubes fl^ enclosed in 51. Then 

All Sl^ with n = + 1, . . . , have the non-empty intersection with dft and are enclosed in a 
£''-neighbourhood of 951. Then the size of the domain /C^ can be estimated 

\IC'\ < Ce\ 

with some constant C. This gives N^e'''^ < |51| and N^e""^ < |51| + C for e < 1. Thus 

Ne < Ce-'''^ and < Ce"'''^. 

In the following we shall denote by x^, xjj G 51^ fl 51, for n = 1, . . . ,iVe, arbitrary chosen fixed 
points. 

We consider ijj £ C(51; Cper(i^)) and corresponding function ifj € C{n;Cpci-{Y)). As a locally- 
periodic approximation of we name £^ : C(51; Cpcr{Yx)) L°°(n) given by 

{C'^P){x) = Y,^(^x,^^^^^^^-^^Xn'A^) for a; £51. 

71—1 

We consider also the map jCq : C(51; Cpcr{Yx)) —J- L°°(51) defined for x e 11 as 

~, n-1 



n— 1 n— 1 

yd 



If we choose = Dx^^ek for some fc G Z , then the periodicity of -0 implies 

{C'^){x) ^Y.i;(x,-^)xn^^{x) and = ^ V^^^, ^);^^. (x) 

n— 1 71—1 

for x G il. Ill following we shall consider the case = D^^ek^ with A: G Z^, however all results 
hold for arbitrary chosen G il^ with n = 1, . . . , AT^. 
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In the similar way we define C^ij] and Cf^i}} for ij] in C{Vl] L'^^^iY^)) or LP{Vt\ C-pctiYx))- 
In the proof of convergence theorem we shall use the regular approximation of C^ip 



i)\x, — ^j0n-(a;) for x G r2, 



where (/)oe are approximations of xo» such that (/)oe £ C^(r2^) and 

(3.1) I'/'o^. -Xo^l ^ in L'{^), ||V™0f^. < Ce-"" for < r < p < 1. 

n=l 

We can consider = ip^^ * x^e for fi^ C f2 and (/)oe (a;) = for n 9f2 ^ 0, where 

ip^ix) = -^'y9(-^), with (^(x) = cexp(— 1/(1 — |a;|^)) for \x\ < 1 and ip{x) — for > 1 
and p = {x e il^, dist(a;, 9ri^) > e^}. The constant c is such that J^^ (p{x)dx = 1. Then 
(/)ne £ Cg°(r2^) and p.ip follow from the properties of Lp^. Notice that || ^^^j^ —xsi^ | Hiaj-Q-) < 

Another construction of can be found in [5] . 

Example. Let = (0, 1), y = [0, 1], and the family of cubes ilf^ — {n~ l,n)e^ with e = N^^^^ 
for some N £ N, and n = 1, . . . , A^^, where — N = e^^ . With £'(a:;) = for a; S we obtain 
the family of intervals ~ [0, e^]. We consider ■(/'(a;, y) = a; + sin(27re^^?/) in C(ri; Cper(i^a:)) and 
corresponding ip{x,y) = x + sin(27r?/) in C{il.;Cpcr(Y)). Then the locally-periodic approximation 
of tp is given by £^^(x) = X^^l^i + sm{2'Ke'^^"x/e)) xn^{x), with e.g. xf^ = {n — 1/2)6"^, and 
'CoV'(a;) = J2n=i (^n + sin(27re~<a;/e)) xo^ (x). 

Definition 1. Let u'^ e L^(il) for all e > 0. We say the sequence {u'^} converges locally-periodic 
two-scale (1-t-s) to u G L^(ri; L'^{Yx)) as e if for any e L'^{^; Cper{Yx)) 

lim / {x)C^ ip{x)dx = I + u[x,y)ip{xTy)dydx^ 

where C^ip is the locally-periodic approximation of tp. 

Notice that taking in the Definition [T] a test function ijj independent of y yields 

u^{x)—^j- u{x,y)dy in L^{Q). 

The subsequent convergence results for the locally-periodic approximation will ensure that Defi- 
nition [T] does not depend on the choice of x^ , x^ e for n = l,...,iVe. 

The main results of this section are the compactness theorem for the locally-periodic two-scale 
convergence and the characterisation of the locally-periodic two-scale limit for a sequence bounded 
in H^fl). 

Theorem 2. Let {u^} be a bounded sequence in L^(ri). Then there exists a subsequence of {u^}, 
denoted again by {u^}, and a function u G L'^ {fl; L'^ (Yx)) , such that u in the locally-periodic 

two-scale sense as e ^ 0. 

Theorem 3. Let {u^} be a bounded sequence in iJ^(O) that converges weakly to u in H^{fl). 
Then 

o the sequence {w^} converges locally-periodic two-scale to u; 

o there exist a subsequence o/{Vu^}, denoted again by {Vu^}, and a functionui £ L'^[n- Hl^^[Yx) /«) 
such that Vu' — > Vw -|- Vj,Mi in the locally-periodic two-scale sense as £ — > 0. 

The proofs of the main results rely on some convergence results for locally-periodic approxima- 
tions of Vaj-periodic functions. 

Lemma 4. For tp £ LP(yi\ CperiXx)), with 1 < p < oo, we have 

(3.2) lim / \C''tP{x)fdx= [ I \tP{x,y)\Pdydx 
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and for ijj G L^i^l; CperiYx)) we obtain 



(3.3) 



lim / C'^ip(x)dx — 



'4'{x,y)dy dx. 



nJY^ 



For ip G C{fl; LP^j,{Yx)), where 1 < p < oo, we have 

(3.4) lim / \C''o'^{x)\P dx = f I \'<p{x,y)Y' dy dx 

Jo. Jn Jy^ 

and for ip G C {fl; Lp^^{Yx)) we obtain 

(3.5) lim / CQip{x)dx ^ / + ip{x,y)dydx. 

^^'^ Jn Jn Jy^ 

If ip & CperO'^x)), with 1 < P < oo, then we have 

(3.6) lim / \C'Vy'<p{x)\'^ dx= f I \V yil,{x,y)Y' dydx. 

Jn Jn Jy^ 

Proof We start with the proof of ([22]) for ip e C{n; Cpor(>"x)). The translations of F = [0, l]'^ are 
given by ^Y + ki with G Z'^. Then for x^^ G and D^e = D{x';^) we consider Y^e = D^eY^, 
obtained by the linear transformation of Y'\ and cover il^, with 1 < n < A^^, by the family of 
closed parallelepipeds {eY^^ Vi^i- 

Vll C ufiier;. such that eFj. f^Tt^^$, 
where I^^ is the number of parallelepipeds covering £7^. The domain A^^ given by 

with as the number of aU eF^^ enclosed in fi^, satisfies ^i-i^+i^^^^ ■ ^^x^ > 

i = . . . , I!^, have the non-empty intersection with ^^tf^ and are enclosed in a £-neighbourhood 

of 9rifj . This ensures the estimate 

IM'J < Cildn'Je < C2£(''-^)''+^ for all n=l,.. .,N,. 

Thus we have e"^] det L*^. < e'*'' and e"*] det D^. < Ce'^'' for e < 1, i.e. 

< Ce''(''-i) and < Ce'^^'-^^ for all n = 1, . . . , iV^. 

Considering the covering of fi^, we rewrite the integral on the left hand side of p.2p 



D~}x 



f ic^^pix^dx = EE / . W<' , 

•'f^ n=l i=l •''^^xs 

n=l j:=l •'e'^^F 



e/ 



157/ a; 



dx 



D-}x 



dx 



\C'iJj{x)\P dx = h + h + h + h 



Applying the inequality \\a\P — \b\P\ < p{\a\P ^ + \b\P ^)\a — b\, see [1], the assumptions on D, the 
continuity ip, the bounds for and I^, and the property 

sup sup |a; — x^l < Ce'', 
i<i<-fS ^^^^4 

ensured by the fact that jfifj = e'' for all 1 < n < A^e, we can estimate I2 by 

EEki^J^I sup supmx,y)-i:{xl,y)\<CS,{e)\n\, 



n— 1 i—1 
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where Si{e) ^ as e — > 0. For and I4 the regularity of tp together with the bounds for |/C^|, 
and impHes 



(3. 



n=l 



Y,\Ml\ + \IC'\)<C{s''^ + s^ 



Combining now (I3.7p and (I3.8p gives 



(3.9)/ \C'ijix)fdx = V/f,e'^|deti?,.| / mx'„,y)\Pdy + S{e) 
Jn Jy 

= / E/ m<,y)\''dyXiKix)d^-Y.\^n\i mxt,,y)\Pdy + S{e), 
where (5(e) — as e — 0. The continuity of ip with respect to x ensures 



(3.10) 



Y.\Mld mxl,y)\Pdy <Cie'-^ sup f |7^(a;, y)^^^ < Cse^ 



Thus, the continuity of F, given by F{x) — jy \''P{x,y)\^dy, in H. and the hmit as e -t- in p.9p 
provide convergence p.2p for -0 G C(0; Cper(y£c)). 

To prove (13. 2p for ^ e LP(r2; Cpcr(y2;)) we consider an approximation of t/i by a sequence 
{■0m} C C{n; Cpcr{Yx)) such that in LP(rj; Cpcr{Yx)). Using 



'^(^'^^) ~ V'm^a;,^-^ = ■0(^x, -^^^ - '0™(^x, -^i^) 

+ -0(2;,-^) - "0(2:,-^^) + -0m (a;, - i)m{x,^^^ 

we obtain the following estimate 

\C'ij{x)f-\C'^^ix)f\dx< [ snp\\ij{x,y)\P -\ij^{x,y)\P\dx 



-Is P 



n 



n yeY^ 



(3.11) 



f v-A ~ P ~ 

/ E ™P V'(a;,2/) - i>{x,D~^D^e 



y 



Xii^(x)dx 



V sup Vim(a;,2/) 
n^^^^yeY 



^p,n{x,D^ D^r^y) Xfif^{x)dx. 



The inequality - |'0m|^| < p{\^j\^^^ + \ipm\^ ^)|'0 - V'ml, see [3], together with the Holder 
inequality and the boundedness of ■0„i and in LP{n; Cper{Yx)) implies 

sup I |0|P - IV-mTI dx<C( f sup IV' - 0mrdx 



r2 yeY^ 



The assumptions on Z? and ensure |y — £'"^£'2;. i/| < (52(e) for x G fif^, y & Y and n = 1, . . . , A^g, 
where 52(e) — as e ^> 0. Thus, using the continuity of -0 and 0^ with respect to y, the 
convergence of 0m, and taking in p. lip the limit as e — > and then as m — t- 00 we conclude 



lim lim / {\C'i^{x)f -\C'i^,n{x)f)dx^O. 



Applying now the calculations from above to 0m G C(f2; Cpcr{Yx)) for m £ N and considering the 
strong convergence of i/jm we obtain for -0 G i^(f^; Cpcr{Yx)) 

lim / |i3^0(x)|'' = lim lim / |£^'0m(a;)|^ da; 

/ / \ip,n{x,y)\''dydx= f \^{x,y)\Pdy dx. 



= lim 
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The proof for (|3.3I) follows the same lines as for p.2p . First we consider e C(ri; Cper(i^)) 
and write the integral on the left hand side of (|3.3p in the form 



•'^ n=i 2=1 •'^^aJs e e L. 

+ E y" ^""^^ ^dx + J C-4){x)dx. 



dx 



Using estimates p.7p , p.Sp and p.lOp with p = 1 we can conclude that 



n=i Jy^^f. 

where S{e) as e — 0. Thus, the continuity of F{x) = jy in fl and the limit as 

e ^ provide convergence ([331) for V e CC^; Cpcrll^;)). To show dSS]) for ^ e L^(r2; Cper(l"i:)) 
we approximate by {V'm} C C(ri; Cpci-{Yx)). Then similar calculations as in the proof of p.2p 
ensure the convergence p. 31) . 

In the same way as above we obtain the equality 



(3.12) / \£lij{x)fdx = E^n^'|deti^,.| / |Vi«,y)Ry 



n=l 
N, 



Y 



The second and third integrals can be estimated by 



E/ f 



dx+ / \C'oij{x)f dx. 



E E ^'Ideti?,.| / |v3«,y)rdy < Ce^-'^ sup / y)rdy, 
E py\deiDx.^\ [ < Ce' sup [ mx,y)\Pdy. 

Jy x^flJY^ 



Then, using p.lOp and passing in p.l2p to the limit as e — >■ yield convergence p.4p . 
Similar arguments imply also the convergence p.Sp . 
Applying convergence p.2p to VyV G LP{n;Cpcr(Yx)'^) gives 



lim 



\C'Vyi:ix)f dx = Ihn / J2\^^l^y^ 



XOf, dx 



nJY, 



\Vy'il){x,y)\Pdydx = / + \D^'^\J yii){x,y)\^ dydi 



nJY 



where is the transpose of the matrix ^ . 



To proof the Lemma for an arbitrary chosen a;^ S fi^ we shall consider the shifted covering 
rifj C + ^iZi^'^x^ with the same properties as above. Then for x G flf^ we have x — xf^ € eY^c 
for some 1 < i < and, applying the change of variables D~}{x — x'^)/e = y, we can conduct the 
same calculations as for = D^^ek, fc e Z''. 

We consider / S Lp^j.{Y) for 1 < p < cxd and define f{x,y) := f{D^^y) for x S and a. a. 
y S Yx- Applying similar calculations as in Lemma[3]we can show the boundedness in of {C^f}, 
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which due to the structure of / coincides with {/^q/}, 
and the convergence 



lim / = lim V/^e''|deti?,.| / KvYv = [ / f{x,y)dydx. 

Thus, in the same manner as for periodic functions we obtain as e — > 

-^^(2;) ^ / .f{x,y)dy weakly in LP{n) for p > 1, weakly* in L°°{n). 

Remark. As we can see from the proofs, all convergence results are independent of the choice 
of the points xf^,x'^ G for rt = 1, . . . , A^^. 

Now we prove the compactness theorem for locally-periodic two-scale convergence. 

Proof. ( Theorem ) We shall apply similar ideas as for the two-scale convergence with periodic 
test functions, pi I18|. 

For ij; € L^^fl; CperiXx)) we consider a functional /i^ given by 

^%^) = f u'{x)C'i![x)dx. 

Using the Cauchy-Schwarz inequality and the boundedness of {u'^} in L^{il), we obtain that /^^ is 
a bounded linear functional in {L'^ {fl; Cpci-{Yx))y : 

2(n;Cper(>'x))- 

Since L'^{il.;Cper{Yx)) is separable, there exists hq S Cper(^a;)))' such that, up to a subse- 

quence, /z^ /io in (L^(ri; Cper(i^)))'. Using convergence p.2p and assumptions on D yields 

\fJ-oi'<P)\ = I lim/i^(V')| < C'l lim WCipWL^n) < C2\\ip\\mn:L^Y,))- 

Thus, Ho is a bounded linear functional on the Hilbert space L"^ {fl; L"^ (Yx)) . The definition of 
L^(ri; L'^{Yx)), the density of Cpcr(^)) in L'^{^', L'^{Yx)), and the Riesz representation the- 

orem imply the existence of u G L^{^', L'^iYx)) such that 



Aio(V') = / / u{x,y)i}}{x,y)dydx = / f u{x,y)^{x,y)dydx, 
JnJY^ JnJYj: 

with u — u\Yx\ and u e L^{i^; L'^{Yx)). Therefore, there exists a subsequence of {u^} that converges 
locally-periodic two-scale to u G L^{^', L^{Yx)). n 

Similar as for the two-scale convergence, see [18], we can show that it is sufficient to consider 
more regular test functions in the definition of locally-periodic two-scale convergence, assuming 
that the sequence is bounded in L^(r2). 

Proposition 5. Let {u^} be a bounded sequence in L^{fl), such that 



(3.13) lim / {x)C^ (j){x)dx — / f u{x,y)(j){x^y)dydx 

^^"Jn JnJY.^ 

for every (j) G Wq'°^ C^^iYx)) ■ Then {u'^} converges l-t-s to u. 



Proof. We consider 1/; G L^{n-CpUYx)) and {0„} C Wq'°° {Vt; C^^^{Yx)) such that (j)m ^ in 
L^(ri; Cpc-ciYx)) as m 00. Then we can write 

lim / u'^{x)C'^'ip{x)dx — lim lim / [u"^ {x)C'^ (l)„i{x) + u'^ {x)(C^tl; ~ (l),n)] dx. 
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Assumed convergence (I3.13P and the convergence of 0„ to tp ensure 

lim lim / {x)C'^ (l>m{x)dx = lim / 4- u(j)jndydx— / j- u{x,y)il!{x,y)dydx. 

The boundedness of {u'^} in L'^{n), estimates similar to p. lip in the proof of Lemma 21 the 
continuity of ijj and 4'm with respect to the second variable, the convergence of 0™, and the 
regularity of D imply that the second term on the right hand side converges to zero as e ^ and 
m — ^ oo. Thus, due to the arbitrary choice oi ip € L^(r2; Cper(i^x))> we conclude that u' —?' u in 
the locally-periodic two-scale sense as e — 0. □ 



If we assume more regularity on the transformation matrix D, the result in Proposition [5] holds 
also for more regular, with respect to x, test functions (j). 

In the following we prove a technical lemma on the strong (i?^(f2))'— convergence, which will 
be used in the proof of Theorem [31 

Lemma 6. For * e WQ'°°{n;Cl^,.{Y^)'^), corresponding * G W^'°°{n;Cl^XY)'^), and G 
C(f (fi^) such that 

(3.14) llV^^n. ||l~(r^) < Ce-"" with < p < 1, 
for n = 1, . . . , N^, holds 

(3.15) *(-,2/)dy)V(/.nj ^0 in {H'in))'. 

n=l ^ •'^^ 

In particular, for x^^ G and 1 < n < iV^ we have 

(3.16) E (*(<'-)-/ *«,2/)dy)v</.a. ^0 zn{H\n)y. 

Proof For * G Wq'°° {fl; Cl^^{Y^Y) there exists a unique hi G Wo°° {fl; C^^^{YY) with zero 
y-mean value such that 

(3.17) Ayhi{x, y) = ^{x, y) *(x, y)dy. 
Considering p.l7p with y — D^}x/e we obtain for a. a. a; G il^ fl and 1 < n < iV^ 



-/ L>„c x\ f / / V„s x\\ 

^!(x,-^)-l ^{x,y)dy = eV ■[D.,,^-Vyhi{x,^^)) 

(3.18) -eV, • (z?,. • Vy/ii (x, 



Similarly as in [llj, we define Fi{x, y) ^ Vyhi{x, y) with Fi e Wo'°°{n; Cl^riY^'^) and Fl'ix) = 
Fi{x, D~}x/e) for x d flf^dfl. Applying (|3.18p . we have for a. a. a; G 57 



n-1 „ N, 



n=l ^ •'^^ n=l 

r 

(3.19) = E r ■ (^(^-?.^i")^<^f^ii) - ■ (^-^^r) - sD^eF^ : V^^^. 



n=l 



12 MARIYA PTASHNYK 

The boundedness of J2n=i ^<^rXo^ and J2n=i ■ (^<i^i") Xn^ in i^(fi), assured by the 
regularity of Fi and D, and assumption p. 141) imply 

^ V ■ {e{Dx.^F^)V^n^J -> in (//^(l)))', 

n=l 

TV, 

^eV, • (Z?,eFi")V.^o^ ^ in ^^(fi). 

n=l 

Then the last convergences together with (|3.19p result in 

TVs D^^x r 

(3.20)^ ([^'(.T, - I *dy] V^fja. : V^f^n^) ^ in {H^Q))' . 

If p < ^, due to p.l4p . convergence p.lSp follows from p.20p . If ^ < p < 1 we have to iterate 
the above calculations. The periodicity of hi{x,y) yields Fi{x,y)dy = 0. Thus there exists a 

unique h2€wl'°^{n-cl,,{YY'"') with zero K-mean value that 

Ayh2{x,y) = Fi{x,y). 

Defining F2(x, y) — Vyh2{x, y) for x G fi, y £ Y , and F2{x) — F2{x, D~}x/e) for x G fi^ Pi fi, we 
obtain a.e. in 



n— 1 n— 1 



3 J, 



n=l 



Due to (fXTI)) . there exists m e N that to(1 - /?) > 1 and £™"i||V™0f2^||ioo(Kd) ^ as e ^ 0. 
Reiterating the last calculations m-times yields convergence p.lSp . 

To show p.l6p we consider p.l7p with x = x'^ and y = D~}x/e for a; e fifj nil and 1 < n < A^^. 
Then ^(xf,, D^^x/e) = ^'(x^, x/e) and for x £ n we have 



e 

Applying similar calculations as in the proof of (I3.15P yields convergence p.l6p 



The convergence in Lemma|6]is now applied in the proof of the convergence result for a bounded 
in sequence, where (/jq^ will be the approximations of xoe with < r < p < 1 and n — 
1, . . . ,Ng. The proof emphasises the importance of r < 1 in locally-periodic approximations of 
functions with space-dependent periodicity. 

Proof. {Theorem\^) The ideas of the proof are similar to those for the two-scale convergence with 
periodic test functions, pi I18|. 

Since {u^} is bounded in L^(r2), thanks to Theorem [5J there exist uq € L'^{U; L'^{Yx)) and a 
subsequence, denoted again by {u^}, such that uq in locally-periodic two-scale sense. We 

shall show that uq is independent of y. We consider approximations 0si» G C^o^i^n) of Xfi^ 
satisfying properties p.ip . The boundedness of {Vu'^} yields 

0=lim f eVu^r^V rfa; = lim [ /" eVu' {C^ij - C'Jj) dx ~ f eu'ViCi^p) dx 

for tfj e Wo'°°(fl;C;^,(i;)). Due to the convergence of (j)QE stated in (13. ip and boundedness of 
{Vu'^} in the limit of the first integral on the right hand side is equal to zero. The second 
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integral can be written as the sum of three 



+e 



•'^^ n=l ^ 



io!; - Xn- ) dx 



dx. 



The properties p. It of (t)Q^e imply that lim I2 — and lim I3 = 0. Considering the locally-periodic 

" £->-0 e-*-0 

two-scale convergence of {u^} in Xi we obtain 

/ f uoS/yij{x,y)dydx ^ 

for e WQ'°°{n; C^^.{Yx)) and can conclude that uq is independent of y, see [3]. Since the average 
over Yx of uq is equal to it and uq is independent of y, we deduce that for any subsequence the 
locally-periodic two-scale limit reduces to the weak i^-limit u. Thus the entire sequence {u^} 
converges to u in the locally-periodic two-scale sense. 

Applying Theorem [5] to the bounded in L'^{il)'^ sequence {Vu^} yields the existence of ^ G 
L"^ {il; (Vx)'^) and of a subsequence, denoted again by {Vm^}, that 



(3.21) 



lim / Vu^ix) C'''i>{x)dx = / / ^'i?{x,y)dyd 



for * £ Wo'°"{n; Cj^,(i;)''). Now we assume additionally • ^'(x, y) = ior x e fl, y e and 
notice that 

(3.22) 



We rewrite the integral on the left hand side of (|3.2ip in the form 



(pn" dx 



r 

n=l ^ 



'^{xl,y)dy {xn^^ - (t'n'Odx + / 



Y 'i>{x,y)dyd2 

JY^ 



+ f Vu'Y^lf ^{xl,y)dy-f ^ix,y)dy 



XQ!- = /i + /2 + /s + A + ^5 



The boundedness of {u^} in H^{rt) and the continuity of ^ and £) ensure lim /i = and lim /s = 



Now we integrate by parts in I2 and apply equality (|3.22p . Then the _ffi-boundedness of {u^} yields 



^' r 



n=l 



^{<,y)dy 



V(/)n» dx 



(ffi(n))' 



n—l 

Applying now convergence p.l6p from Lemma [S] we obtain lim I2 — 0- The convergence in 

e-i-O 

p.ip . the regularity of and boundedness of {u'^} in iJ^(fi) imply that lim = 0. Finally, the 
integration by parts and the L^-convergence of {w^} give 

,...-/^„„v-(/,,„..)../Jv„„,,...... 
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Thus, for any * £ M^g C^^AYx)'^) with V.y ■ ^-(2;, y) = 0, we have 

/ T {£.-'^u{x))'^{x,y)dydx = 0. 

The Helmholtz decomposition, [HdUdS]' yields that the orthogonal to solenoidal fields are gradient 
fields, i.e. there exists a function ui from H. to Hp^j.{Yx) /M., such that ^{x, •) — Wu{x) — VyUi{x, •) 
for a. a. x G fl. Then, using the integrability of ^ and Vu we conclude that ui G L'^i^', Hp^^{Yx)/M.). 
□ 



In analogue to the two-scale convergence with periodic test functions, P|I18). we show, under an 
additional assumption, the convergence of the product of two locally-periodic two-scale convergent 
sequences. 

Lemma 7. Let {m^} C L^(f2) be a sequence that converges locally-periodic two-scale to u € 
L"^ {fl; L'^ (Yx)) and assume that 

(3.23) lim llw^lli^ro) = / f \u{x,y)fdydx. 

Then for {v^} C £^(£7) that converges locally-periodic two-scale to v G L'^ (Q.; L'^ {Yx)) we have 
u"^ {x)v^ [x) ^ j- u{x,y)v{x,y)dy weakly in V' (ft) as £ — J> 0. 

Proof. Let {ipk} be a sequence of functions in L^{il; Cpe,:{Yrc)) that converges to u in L^{il; L'^{Yx)). 
Convergence (|3.2p for i^(57; Cper(i^x))-functions, the definition of the locally-periodic two-scale 
convergence, and assumption p.23p ensure 

lini / [u''{x) - C^ilJk{x)f dx = / f [u{x,y) - ^pk{x,y)]'^dydx. 



n JViJY^ 



The limit as A: — cx) in the last equality and the strong convergence of to u imply 
(3.24) lim lim / [u'^ix) - C^i}k{x)f dx ^Q. 

fe— S-OC £— S-O J j2 

For (f) e 25(51) we consider now 

u"^ {x)v'^ {x)(j){x)dx = I C^7pk{x)v^ {x)(j){x)dx + / [u'^{x) - C^tpkixyiv^ {x)4>{x)dx. 
! Jn Jn 

Applying the 1-t-s convergence and i^-boundedness of in the last equality we obtain 
Mmfu^xXix)^dx- fl Mx,yHx,y)^dydx < C lun f - C^^kf dx. 
Then, letting k ^ 00 and using (I3.24p we obtain the convergence stated in Lemma. 



We shall refer to 1-t-s convergent sequence satisfying p.23p as strongly 1-t-s convergent. 

4. HOMOGENIZATION OF PLYWOOD STRUCTURES 

Now we return to our main problem (j2.3p . presented in Section [21 Results in this section require 
us to introduce some standard regularity and ellipticity constraints on the given vector functions 
G, g and tensors Ei, E2- We assume g £ H^{il), G E L'^{il) and Ei,E2 are symmetric, i.e. 
EraAjki = Em,kii] = Emjiki = Em,ijik for m = 1,2, and positive definite, i.e Ei^ : f > a|^P, 
E2i '■ £, > for all symmetric matrices ^ G R-^^^ and a,(3 > 0. 

Definition 8. The function it^ is called a weak solution of the problem p.3p if — g G HQ{il) 
and satisfies 

(4.1) [ E%x) e{u') e{^) dx = [ G{x)ipdx for all ijj e Hl{Q). 
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Due to our assumptions, the tensor i?^, given by (12. 4p . satisfies the Legendre conditions. Since 
El and E2 are constant, we have also the uniform boundedness of i?^. Thus, there exists a unique 
weak solution of the problem (|2.3p . see [3], and 



Lemma 9. Any solution of the model (|2.3p satisfies the estimate 

where C is a constant independent of e. 

Proof sketch. Considering — g as a, test function in (|4.ip and applying the regularity assump- 
tions on G and the coercivity of i?^, and the Korn inequality for functions in 77g(ri), we obtain 
the stated estimate. n 



To define the effective elastic properties of a material with plywood microstructure we shall 
derive macroscopic equations for the microscopic model (|2.3p using the notion of the locally- 
periodic two-scale convergence, introduced in Section [3l 

In the locally-periodic plywood structure the rotation angle is constant in each layer L| and the 
characteristic function of the domain occupied by fibres can be defined considering an additional 
division of L| into cubes of side with r 6 (0, 1). Notice that the microstructure is give by the 
rotation around the fix a;3-axis with a rotation angle dependent only on 0:3. Thus the rotation of 
a correspondent set of cubes will reproduce the cylindrical structure of the fibres. Regarding a 
possible change of enumeration, we consider the layers L| such that il C ^k=i-^k ^'^'^ L| n 7^ 0. 
Then the number of layers having non-empty intersection with 57 satisfies < (diam(f2) + 2)e~^ . 
Each layer i| we can divide into open non-intersecting cubes 51^^ of side e*" and consider a family 

of cubes jri!,) " t , such that 

nriLic and n-^n{nn l%) ^ 0, 

where 7V° = and < (diam(i7) + 2)^e~^'' for k — 1, . . . , K^. In this way we obtain a covering 
of n by the family of cubes satisfying the estimates on = J2^=i-^e' -^e' and /C^, stated in 
Section [21 Then for fc = 1, . . . , and for any n, m G N with Ni-'^ + 1 < n, m < we choose 

e and £ 57^ such that 3 = 3, i.e. the points have the same third component 
if they belong to the same layer L|. 

For X G we consider now the deformation matrix given by the rotation matrix R^^ — 
-R^^(7(a;3)), with R and 7 defined in Section [2l and obtain a continuous family of rotated cubes 
— R^^Y. Due to regularity of 7, i.e. 7 G C^(R), and | det R^l \ = 1 for all x G M'^, the matrix 
R^^ fulfils assumptions posed in Section [31 

Using the notion of the locally-periodic approximation introduced in Section[3l the characteristic 
function xnj , defined in p.2|) . can be written as 

where r]{x,y) = f]{Rx^y) for y G Yx^ and i) given by (|2.ip . Here we choose x^ = Rx^sk for some 
k & 1? and = i?~^(7(x^ 3)). The function 77 is constant with respect to yi and we can 
introduced formally the periodicity with respect to the first variable. 

Now, each Sl^ can be covered by a family of closed cubes fJfj C ^i^i^Yxe such that eYx^ nri„ ^ 0, 

where Y;'. = Rxli^ + h) with ki e Z^. The number I^, the subset = flf^X ufi^ey^. , and 
the number of all cubes enclosed in 57^ satisfy the estimates stated in Lemma [4] in Section [3l 

We consider the sequence {m^} of solutions of (|2.3I) . A priori estimate in Lemma [^1 ensures the 
existence of u G H^{il) and of a subsequences, denoted again by {m^}, such that ^ u in . 
Thanks to Theorem [31 there exists another subsequences of {Vu"^}, denoted again by {Vu^}, and 
Ml G L'^{Q.]Hl^^(Yx^)/R) such that 

— >■ u and Vm" — >■ Vu + VyUi 
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ill the locally-periodic two-scale sense. We consider 

as a test function in (gH]), where Vi e C^{Vl) and ?/^2 e W^'°° {VL;C^^^{Y^^)). The regularity 
assumptions on ipi, "02 and (p^E ensure that i> g H}^(Vl). Then (gH]) reads 

(4.2) / {ClA){x)e{u') (e(0i) -f £e(£^V2)) da; = / G(a;) (V-i + ££^^2) rf:^, 

where A{x,y) = Eiri{x,y) + £2(1 - f]{x,y)). Notice that A G L°°{\Jx^n{x} x Kj.3) and A e 
C(r2; L^gi.(y2;3)) for 1 < p < 00. Since the dependence on x in A occurs only due to its ^2:3- 
periodicity, we have that CqA{x) = C'^A{x) a.e. in ft. 

To apply the locally-periodic two-scale convergence in (|4.2p we have to bring the test function 
in the form involving the locally-periodic approximation, i.e. replace 0Qe by XQ^ ■ We rewrite the 
left hand side of (14.21) in the form 



(CIA) eiu') [e(V'i) + s ^ (e(V2")xo^ + e{^P^) ((/.o^ - xo^J + V'2" © V^o^ ] dx, 

n=l 

where V'2(^) = '/'2 {x,Rxf^x/e) and a0 6 = (^(«i^i + '^j^i)) i<i jo a, & G Re- 
considering eVtp2{x) = eVx'02 + Vi/V'2 8''^'^ using the regularity of ip2 together with con- 
vergences in Lemma g] applied to C'^ey{'ip2) we obtain 

lim [ V |ee(V'2)rXn« = / / \ey{i:2ix,yWdydx for 1 < p < 00. 

Convergence p.4p in Lemma |4] implies 

lim / |/:gA(a;)|''dx = / / \A{x,y)\^dydx for 1 < p < 00. 

Then, for a sequence {$'^} C L°°{il) given by 

<^^x)^£lA{x) [e{M^)) + eJ2<^2{^))xn^M 

n=l 

we can conclude that {$'^} is bounded in L'^{il) and satisfies assumption p.23p of the strong 
locally-periodic two-scale convergence stated in Lemma [3 i.e. 

lim/ |$^(a;)pdx=/ / \A{x,y)[e{il;i{x)) + ey{'ip2ix,y))]\^ dydx. 
Boundedness of {u^} in H^{il), L^-convergeiice of ^0= : and the regularity of -02 give 

(4.3) lime / /:^Ae(u^) V e(V2")(0o^ - Xn^)da; = 0. 
The assumption 1 1 V0n^ | |Loo(Kd) < Ce^'', where < r < p < 1, ensures 

(4.4) lime / £gAe(w^) ^^-2 ©V0nedx = O. 

The regularity of 02 and G imply that the second term on the right hand side of (j4.2l) convergences 
to zero as e 0. 

Thus, taking into account convergences (|4.3I) and (|4.4p . the strong 1-t-s convergence of {$^}, 
the 1-t-s convergence for a subsequence of {Vu^}, denoted again by {Vu^}, we can pass to the 
limit as e — > in (14.21) and obtain 



A{x,y){e{u) + ey{ui{x,y))){e{ipi) + ey{tp2{x,y)))dydx ^ / G{x)%l:idx 
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Then coordinate transformation J- : Y^^ — > Y , i.e. y =^ J'{y) = RxaVi yields 

(4.5) f I Aiy){e{u) + efiui)){ei^i) + e^ii^2))dydx^ f G{x)^^dx, 
where 

(4.6) e?^M^^[ [R^ fe + K ^y^'] 

and A{y) = Eifjiy) + £2(1 - v{y)) for yeY. 

By density argument, (|431) holds also for Vi e H^{^) and -4)2 G L^(ri; i7pc,.(F)/R). Taking 
ipi — and using linearity of the problem we conclude that ui has the form 

' du^ (x) du^ {x) \ _ 



1 f du'jx) ^ du^jx) ^^ 
u,{x,y)^-l^ + j^..(x3,y), 



where Uij {xs , y) are solutions of unit cell problems 

(4.7) - Vy ■ (R^,A{y)e^{Cj,^)^ = Vy ■ (^R^,Aiy)k^^ in F, 

ujij periodic in Y. 

Here lij = ^{h ® Ij + Ij <E) h) are symmetric matrices, whereas {li)i<i<3 is the canonical basis of 
IR'^. Since A is independent of yi and solutions of the problems (j4.7l) are unique up to a constant, 
we obtain that a)y does not depend on yi. Thus (I4.7P can be reduced to the two-dimensional 
problems 

(4.8) - Vy ■ (i?,3i(y)e?(^,,)) = Vy • [Rx,Aiy)ki) in Y, 

ujij periodic in Y, 

where Y = Yn{yi=0} with y (2/2,^3), ^(y) ^(y), and 



(4.9) il,^{v)^l' 



Rx3~ 



-sin 7(0:3) 0087(2:3) 
1 



Thus, for locally-periodic plywood structure we have that 



Theorem 10. The sequence of microscopic solutions {u^} of (j2.3p . with the elasticity tensor 
given by (j2.4p . converges to a solution of the macroscopic problem 



(4.10) 



{ — div (7(2:3, u) — G in fi, 
u — g on d^l, 

where a{x3,u) — A'^°'"''{x3)e(u) with A''-°™ given by 

4^(2^3) = -f_^{A,My) + My)e^i^v)M)dy 

and Cjij are solutions of the cell problems 



Considering the properties of the matrix i?(7(a:3)) and the fact that Ei and E2 are constant, 
symmetric and positive definite, yields that the homogenized tensor Al^°'^ is symmetric, positive 
definite and uniformly bounded. This ensures the existence of a unique weak solution of the 
macroscopic model (|4.10p and the convergence of the entire sequence of solutions of the microscopic 
problems (I2.3p . 

Now we consider the non-periodic plywood structure, where the layers of fibres aligned in the 
same direction are of the height e. For the analysis of the non-periodic problem it is convenient to 
define the characteristic function of the domain occupied by fibres in a different form, equivalent 
to (|2.2p for r = 1. We consider the function 

m = 
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Figure 4.1. Non-periodic plywood-structure 



with y = (j/2,2/3) and a < 1/2. For fc G we define x% = R^^sk with i?^^ := i?^^(7(efc3)). Notice 
that a^l 3 = efes, the third variable is invariant under the rotation i?^^. Then the characteristic 
function of fibres for non-periodic microstructure reads 

(4.11) xn'^{^)=Xn{x)Y,'9e{Rk{x-xl)), where ^.(x) = 7? (J) . 

To derive the macroscopic equations for the model p.3p with elasticity tensor = Eixw^ + 
^2(1 — Xf2j)j where xsi« is given by (|4.1ip . we shall approximate it by a locally-periodic problem 
and apply the locally-periodic two-scale convergence. The following calculations illustrate the 
motivation for the locally-periodic approximation. 

We consider a partition covering of C U^^if^^, as defined in Section H For n = 1, . . . , A^^ 
we choose k„ G such that for — R'^^eKn we have xf^ G il^. We cover ilf^ by shifted 
parallelepipeds ftf^ C x^ + U^JLi^^i^: j where Y^e = Dx^^iY -t- mj) for G 1^ and a matrix D{x), 
that will be specified later. Then for 1 < j < we consider fc" = /t„ -I- rrij and = R^^ek". 
Using the regularity assumptions on 7 and the Taylor expansion for R around x^^, i.e. around 
si^n,3, we obtain 

Rk^ix-xl,.) = Rkjx-ek^ 

= Rk^x + R'l^^xl^rrij^zS + R't^S^ ~ ^n)^],3£ + &(k7ij,3£|^)a; - £('«« + rnj) 

(4.12) = i?«„(x - x^) - Wx.^mje + R'^^{x - x^jruj^^e + b{\mj^3e\'^)x, 

where ly^^e = VF(x^) with W^(a;) — {I—VR{'~f{x3))x). The notation of the gradient is understood as 
Vi?(7(x))x — V z{R{'y{z))x)\z=x- Thus for a; G ft^ the distance between i?K„ (a;— x^)—WxeTOje and 
Rk^{x — a;|„) is of the order sup |m.j£p ^ s^"^ . This will assure that the non-periodic plywood 

structure can by approximated by locally-periodic, comprising y^jE -periodic structure in each of 
side e"^ with an appropriately chosen r G (0, 1). Here = D{x)Y with D{x) = R^^{'~f{x3))W{x) 
and 

/I \ 

W{x) ^ 1 w{x) , where w(a;) = 7'(a;3)(cos(7(a;3))a;i -I- sin(7(a;3))x2). 

Vo 1 J 

The definition of R, W and 7 ensures assumptions on D stated in Section [3l Since 1} is independent 
of the first variable, we consider in W{x) the shift only for the second variable. We denote 
Zx = WxY and consider a Z2;-periodic function 

Hx,y)^ Hy-Wxk), 

Notice that {y G : ^(x^ y) = 1} is a Za;-periodic set of cylinders of radius a. 
Then for G fi^ as above and ifj — x^ we define a tensor 

E^x) = mB){x)xn{x), 
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where B{x,y) = Eid{x,Rx3y) + i?2(l — ^{x, RxsV)) for a; G and y G Y^. Notice that B e 
L°°(U,6n{a;} x Y,) and B G C(0, Lfper(i'.)) for 1 < p < oo. 
Now we rewrite the equation (|4.ip in the form 

(4.13) / E^„{x)e{u^)e{(f>)dx + [ {E%x) - El{x))e{u')e{(j))dx = [ G{x)<f,dx 
Jn Jn Jn 

and shall show that the second integral on the left hand side converge to zero as e — ;> 0. Applying 
1-t-s convergence in the first term we shall obtain macroscopic equations for the linear elasticity 
problem posed in a domain with a non-periodic plywood structure. 
In the following calculations we shall use the estimate, proven in [S], 

Lemma 11 ([S])- For the characteristic function of a fibre system yields 

\\M^ + r)-Mmhin)<CrL\T\, 

where L is the length and r is the radius of fibres. 

Since in each ilf^ the length of fibres is of order e^, applying Lemma [TTl equality (|4.12p . and 
the estimates < Ce~^^ and If. < Ce'^''""^' we conclude that 



dx < Ce 



3r-2 



Considering the definition of E'^ and E^ , estimate (|4.14p and the fact that 

Xny {x) - xn (x) ^ E (^fe" ^ ^fe? )) 

n=l j=l 

for iVe, If and fc" as defined above, we obtain 

(4.15) / \{E%x) - EUx))e{u')e{cl,)\dx < Ce'^-^u'\\H^n)\mw^^-in) 

Jn 

and for 2/3 < r < 1 and {u^} bounded in converges to zero as e ^ 0. Thus in the definition 
of a locally-periodic approximation we shall consider a covering of Q by cubes of side with 
2/3 < r < 1. 

Now we take tp(x) — tpiix) + e{Cp4>2){x) as a test function in (I4.13p . where tpi G C^(il) and 
V'2 S ^0'°° i^'^^'perO^x))- Applying to the first integral in (|4.13p similar calculations as for the 
locally-periodic problem (|4.2p . using (|4.15p and the locally-periodic two-scale convergence of a 
subsequence of {Vm'^} we obtain 



nJY^ 



B{x,y)[e{u) + ey{ui{x,y))][e{ilJi) + ey{^p2{x,y))]dydx ^ / G{x)ipidx, 

Jn 

where Y^ = D^Y . The transformation : — > Z^^ i.e. y = ^{y) — Rx^y^ gives 

B{x,y){e{u)+e'^\ui)){e{'ij}i) + e?{'ip2))dydx^ / G{x)il)idx, 



in J 



with B{x, y) = Ei'd{x, y) + E2{1 — d{x, y)), and as in 

We notice that 'd is independent of yi and, similarly as in the locally-periodic situation, we can 
conclude that the correspondent unit cell problems are two-dimensional. 

Theorem 12. The sequence of solutions {u^} of microscopic model (|2.3p with the non-periodic 
elasticity tensor E^ , determined by the characteristic function (j4.1ip . converges to a solution of 
the macroscopic problem 

-div (B'"""(x)e(u)) = G inn, 
u = g on dfl, 
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Figure 5.1. Transformation of centres of spherical balls. Space-dependent perforations. 

where the homogenized elasticity tensor is given by 

B^^Tix) = £ [B,M=^,y) + B{x,y)e^iC,,,)u)dy 
and uJij are solutions of the cell problems 

- ■ {Rx3B(x, y)e^{Lbij)^ = Vy • {r^^B{x, y)kj^ in Z^, 

UJij periodic in Z^- 

Here y = (^2, yz), hj — \{U ® Ij + Ij ® U), where {li)i<i<z is the canonical basis ofM.^, the matrix 
and e? are given by (|4.9p . and Z^ = Zx H {yi — 0}. 

The same arguments as for locally-periodic problem imply the existence of a unique solution of 
the macroscopic problem and the convergence of the entire sequence of solutions of the microscopic 
models. 

We notice that for non-periodic plywood-structure, where r — 1, the space-dependent periodic- 
ity and the unit-cell problem (|4.16p differ from those obtained for the locally-periodic microstruc- 
ture with < r < 1, compare to (|4.8p . We also emphasise that in the case of locally-periodic 
microstructure the form of the macroscopic model is the same for every r G (0, 1), see Theorem [TOl 

5. Conclusion 

In this paper we investigate the concept of the locally-periodic two-scale convergence. Similar 
to the periodic case, we use the idea of oscillating test functions, which are synchronous with 
oscillations in either the microstructures or in coefficients of microscopic problems. However, we 
extend the theory to the non-periodic case, in particular we focus on locally-periodic structures. 
We derived the macroscopic equations for a linear elasticity problem, posed in a domain with a 
"plywood structure", a prototypical pattern in many biomaterials such as bones or exoskeletons. 
The non-periodic microstructure can be approximated by a locally-periodic one, provided the 
transformation matrix is twice continuous differentiable. The techniques developed here are not 
restricted to the equations of linear elasticity and can be applied to a wide range of stationary or 
time-dependent problems. For example, a heat conduction problem was considered in [11] and a 
macroscopic equation was derived using the 77— convergence method. Our results would lead to 
the same macroscopic equation and it appears that the derivation would follow in a much more 
direct manner. Moreover, our approach allows multiscale analysis in domains with more general 
microscopic geometries than those considered in [Ij i20j. In the context of the definition of a 
microstructure given by the transformation of centres of spherical balls, see Fig l5.ll considered in 
[UITT], we have the relation 6'"^(x) = D^^{x)x, where 9 is the C^-diffeomorphism defining the 
transformation of centres of balls. 

Another example of a locally-periodic microstructure is the space-dependent perforation in 
concrete materials, see Fig l5.1l where a heterogeneity of the medium is given by areas of high and 
low diffusivity, [27|. For p € C'^(M.^), such that < pi < p{x) < p2 < I for X (z M'^, we consider 
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y-periodic function 

1 for \y\ < p{x), 
^0 for \y\ > p{x). 

Then the characteristic function of a domain with low diffusion is given by Xo=(a;) — {Cqx){^)- 
In the notation of |27j, the corresponding level set function reads S{x,y) = |t/p — p^{x). Showing 
that the locally-periodic problem provides a correct approximation for the non-periodic model 
and applying the locally-periodic two-scale convergence with D(x) — I, we should obtain the 
same macroscopic equations, as derived in [27 \ using formal asymptotic expansion. The main step 



of the approximation involves the following calculations. For £k„ £ £7^ and fc" k„ - 
j = 1, . . . and irij G Z'^, considering Taylor expansion for p(x) around £k„, we have 



with 



E 

n=l. 



ra=l 



3 = 1 



X{ek^, 



x^ 
e> 



dx<^ 



In sup 

l<J<-fS 



xiek'i 



x^ 
e> 



< 



L2 



sup 



\ep{eKn)\ - \ep{eKn) ± £||V/9||loo |emj 



< C2 sup 



lem,- 1 < ce^ . 
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